HIV/AIDS is a public health problem especially in sub-Saharan Africa where majority of infections and deaths occur. Despite the large number of studies and efforts made in covering the data gap using mathematical models, little is known on how model estimates are confounded by the transmission variabilities that exist in stages of HIV progression. This work investigates the impact of including stages of HIV transmission in HIV/AIDS models. A deterministic HIV/AIDS model is developed and extended to include stages of HIV progression of infected individuals. Theoretical investigation of the models and numerical analyses indicate that the two models produce different estimates, with the model without stages producing lower estimates than the staged model. These results call for a careful consideration in evaluating the efficiency of HIV/AIDS models that are used to estimate and project the burden of HIV/AIDS disease.
Introduction
HIV/AIDS epidemic continues to be the main killer disease in sub-Saharan Africa, with majority of infections and deaths occurring in adults. In 2013, the Joint United Nations Programme on HIV/AIDS (UNAIDS) and the World Health Organization (WHO) estimated that 35 million people were living with HIV in the world, 2.1 million were newly infected, and 1.5 million deaths occurred. Of these, 24.7 million lived in sub-Saharan Africa with 1.5 million new infections and 1.1 million AIDS deaths occurring in the same year [1] .
HIV transmission is not uniform between countries and among different stages of the disease within an infected individual [2] - [4] . As an infected person progresses from one stage of HIV infection to another, the level of transmitting the viruses to others changes. The transmission dynamics of the virus can be categorized into
Simple HIV Model
The HIV/AIDS model formulated here considers the total population, ( ) N t in a single homogeneous group divided into two subgroups: the susceptible population, ( ) Z t , and infected individuals, ( ) Y t . The demographics of the model are described by the rates of entry and exit of individuals from the population. The parameter b is the rate at which new individuals are recruited into the susceptible group, μ is the natural mortality rate (1 µ is the life expectancy of individuals), and γ is the rate at which infected individuals die from the disease.
The dynamics of the model are governed by the following system of differential equations: 
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where, r is the transmission rate and ( ) ( ) ( )
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. From the above model, the total population change according to:
In this case, the total populations varies. This can be due to b µ ≠ , or b µ = and 0 γ ≠ . All parameters of the model are positive. The system is epidemiologically and mathematically well-posed in the sense that, if the initial data ( ) ( ) ( ) 
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which is positively invariant in the region:
Note that Equation (2) can be re-written as:
which integrates to:
indicating that when b µ = , the dynamics of the total population is strongly governed by the proportions of infected individuals in the population.
Existence of the Equilibria
This section derives stability conditions of the equilibrium points of the system in Equation (3). (3), with the right hand side equal to zero at large t, then equilibrium points must satisfy:
and * * 1 z y = − (9) Substituting (7) and (8) in (9) or in the first equation of (3) with the right hand side equal to zero, gives . Therefore, the model has only two equilibrium points. 
Stability Analysis
The coefficients of the perturbations give the Jacobian matrix:
At the disease free equilibrium, the Jacobian matrix in (11) gives the following characteristic equation: The equilibrium point is therefore unstable.
Substituting the endemic equilibrium point, the Jacobian matrix ( ) EEP J gives the characteristic equation:
where,
χ > , it implies that r b γ > + . Therefore, the trace of the matrix, ( ) 1 0
and the determinant,
Thus, by the Routh-Hurwitz criterion, all of the eigenvalues have negative real parts and the endemic equilibrium point is stable. On the other hand, if 1 χ < , then 1 0 a < and 0 0 a < while 2 0 a > , making one of the eigenvalue have a positive real part. Therefore, the endemic equilibrium point is unstable.
HIV Model with Stages
Here, the model in (0) 
From the above model, the total population at time t is given by:
The parameters 1 r and 2 r determine transmission rates due the interaction between the susceptible indi- [2] showed that transmission of the viruses from individuals in the primary stage to the individuals in the susceptible group is higher than those in the later stages. Therefore, 1 2 r r > in this model.
For stability analysis, the system in (17) is converted into proportions by letting ( ) ( ) ( )
, and
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where
The dynamic behaviour of the total population in this model is mainly governed by infected individuals who are in the asymptomatic stage of HIV infection, ( ) 2 y t . This is because, it is only in this group individuals die from the disease.
Model (17) then becomes: 
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The above system have a positively invariant feasible region given by:
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with all parameters positive. The incidence of the disease is the proportion of new cases occurring in a population during a defined time interval. Using this model, incidence is given by:
where I is the incidence, and t is the average time spent in the primary stage given by: 
The prevalence of the disease is defined as the proportion of infected individuals in a population. From the model, prevalence is simply infected individuals in 2 y .
Existence of the Equilibria
Using the Next-generation technique [11] , the threshold quantity of the model is given by:
which is a linear combination of the threshold quantities of the infected individuals in the primary stage, Because of variable population size, system (22) is complex and calculation of the endemic equilibrium points is difficult. The dynamic behaviour of the population size (Equation (21) 
But we know that ( )
a < , and 2 0 a < which makes the end points
F y
is a decreasing function. In this case,there is a unique root , , e P z y y = .
Stability Analysis of the Equilibria
To analyze the stability of the equilibria, we establish a Jacobian matrix J and employ the Routh-Hurwitz technique to study the local stability of the equilibria. The Jacobian matrix of the system (22) 
The roots of (38) gives: Linearizing the model around the endemic equilibrium point, e P , the following characteristic equation is obtained: 
Numerical Simulations
This section presents numerical simulation results of the models using parameter values described and presented in Section 4.1. We address the question whether it is necessary to incorporate stages of disease progression when modelling the spread of HIV/AIDS and seek to understand the effect of incorporating stages of HIV progression on the overall infection and spread of disease in the population as well as on estimation of future trend. In addition, we compare the two models by studying the effects of varying transmission rates on the models presented in this paper.
Model Parameterization
In sub-Saharan Africa, the average time lived by individuals is about 50 years. In this case, the natural mortality rate, µ is estimated to be 0.02 years −1 . In the same region, the average birth rate, b is estimated to be 0.03. Studies have also estimated the waiting times in the first stage of HIV is 2 to 10 weeks while individuals in the asymptomatic stage spend about 10 to 15 years [5] [6] .
On the other hand, the first empirical data in sub-Saharan Africa communities show substantial variations in transmission among stages of HIV infection after sero-conversion [2] [3] . These studies have showed that the rate of HIV transmission within the first two months is about 12 times higher than in the chronic stages. This indicates that transmission rate in the primary stage of HIV progression ( ) (Figure 1(a) and Figure 1(b) ). This indicates that a careful choice of parameters r, 1 r and 2 r is required in models of HIV transmission. If the rates of infection are at their minimum values, the models show the disease to clear from the population (i.e. Because prevalence is high in infected individuals, mortality becomes high (Figure 2(c) ). The difference in the mortality curves for the two models is similar to that found in the prevalence curves. The reason for this is that disease related mortality increase is proportional to the prevalence level in the population. Figure 3 presents results of infected groups in the two models at different transmission rates. In general, the proportion of individuals in the infected groups increase with increasing the transmission rates. In the simple model, when r is increased from 0.167 to 0.5, χ increases from 1.28 to 3.85, and in the staged model, when 
The Effect of Stages in HIV Predictions
Effect of Transmission Rates
Summary and Conclusion
In this paper, a simple model for HIV transmission has been formulated and extended to incorporate stages of HIV progression. Stability analysis of the models and numerical simulation examples has been performed to understand the impact of stages in estimates. The effect of varying the transmission rates r, 1 r , 2 r and the disease related death rate ( γ ) has been studied. The results show that the transmission rate is the driving force in the spread of the disease while the disease death rate has a generally little impact. Because of the sensitive effect of the transmission rates, incorporating stages in the model has a profound impact in the model results.
Our results indicate that when 1 r and 2 r are varied, a switch between the curves in 1 y occurs at large t. This is an interesting result which needs careful attention when dealing with disease incidence and transmission rate. One can easily draw different conclusions on the relation between the transmission rate and the persistence of new infections. This study has also shown that individuals in the primary stage play a major role in transmitting the disease. If this group can somehow be identified and convinced to refrain from risky behaviours, at least while they are highly infectious, the impact of the epidemic can be reduced.
The models produce different results. The model without stages produce estimates that are lower than the HIV estimates produced when stages are included. The nature of curves for y and 2 y is also different. In the model without stages, the curve for the proportion of infected people grows slowly than in the model with stages.
Although the models formulated are simple based on assumptions, and without fitting them to data, results show the importance of incorporating stages in models of HIV/AIDS. The results can not only be used to study how important stages of HIV infection are in the spread of HIV, but also they are helpful in evaluating the efficiency of HIV/AIDS models used in estimating and projecting the burden of HIV disease.
